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Hybrid Electromagnetic Modeling of Noise
Interactions in Packaged Electronics Based

on the Partial-Element Equivalent-
Circuit Formulation
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Abstract— The partial-element equivalent-circuit (PEEC)
method is used to develop a flexible, hierarchical electromagnetic
modeling and simulation environment for the analysis of
noise generation and signal degradation mechanisms in
packaged electronic components and systems. The circuit-
oriented approach used by the method for the development
of the numerical approximation of the electric-field integral
equation leads to SPICE-compatible, yet fully dynamic, discrete
approximation of the electromagnetic problem. Contrary to other
full-wave formulations, the proposed method has the important
attribute of lending itself to a very systematic and physical model
complexity reduction on the basis of the electrical size of the
various portions of the system. Thus, a hybrid electromagnetic
modeling and simulation environment is established for the
analysis of complex structures which exhibit large variation in
electrical size over their volume, using a combination of lumped-
circuit elements, transmission lines, as well as three-dimensional
(3-D) distributed electromagnetic models. These models may or
may not account for retardation, depending on the electrical
size of the part of the structure that is being modeled. These
special attributes of the proposed electromagnetic-simulation
environment are demonstrated through several examples from
its application to the modeling of noise interactions in generic
interconnect and package geometries.

Index Terms—Circuit modeling, circuit transient analysis, inte-
grated circuit interconnections, packaging, transient propagation,
simulation.

I. INTRODUCTION

T RANSIENT electromagnetic-field solvers have had a
significant impact on our ability to model package- and

interconnect-induced noise interactions in high-speed digital
electronics systems. Unlike transmission-line-based simula-
tion, the electromagnetic effects associated with the three-
dimensional (3-D) character of the structures can be modeled
accurately by such simulators. Consequently, in addition to
crosstalk, propagation delay, and reflections, the impact of
radiation losses due to unbalanced interconnects or other
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discontinuities in the interconnect and power/ground plane
structures on signal distortion and internal and external elec-
tromagnetic compatibility of the component can be predicted
and analyzed. Transient electromagnetic simulators in par-
ticular can be used for nonlinear electromagnetic analysis.
Such simulation capability is important for accurate predic-
tion of radiated emissions from high-speed digital electronic
systems, and for electromagnetic noise analysis of mixed
digital/analog/RF integrated circuits. Both the finite-difference
time-domain (FDTD) method and the transmission line matrix
(TLM) method have been used successfully for such nonlinear
electromagnetic simulations [1]–[5].

Time-domain integral-equation-based formulations are also
suitable for nonlinear electromagnetic analysis. However, the
numerical instability exhibited by such formulations has pre-
vented their extensive application to transient simulation of
electromagnetic systems. The issue of numerical instability has
been heavily researched over the last few years and the reasons
for its occurrence are now fairly well understood. Several
approaches have been proposed for its prevention [6]–[10].

Of particular interest to RF/microwave and high-frequency
high-speed mixed-signal circuit electrical analysis is the
partial-element equivalent-circuit (PEEC) formulation of the
time-domain electric-field integral equation [11]. The reason
for this is that this formulation results in a circuit model
which includes all retardation effects and is compatible with
nonlinear circuit simulators such as SPICE. Consequently,
full-wave electromagnetic modeling within a SPICE-like
nonlinear circuit simulation environment can be effected
in a straightforward manner. Furthermore, once the PEEC
model for an electromagnetic system has been developed, a
systematic procedure can be used to reduce its complexity,
taking into account the characteristic times over which the
system response is sought, or, equivalently, the electrical size
of the structure under study. For example, if the characteristic
time of the excitation (i.e., the rise time of a pulsed excitation
or the period of a time-harmonic excitation) is such that
useful wavelengths are much larger than the spatial extent
of the system, all retardation effects can be neglected.
Moreover, such model complexity reduction can be effected
in a selective fashion over those parts of the structure where
the aforementioned electrical size constraints are valid. This
attribute of the PEEC formulation is extremely useful when
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Fig. 1. 2-D discretization of current density.

the size or complexity of the structure is such that the number
of degrees of freedom used in the numerical approximation is
much larger than the one required for acceptable engineering
accuracy of the simulation results. Clearly, this is the case for
packaged electronics. These systems are very representative
cases of multiscale electromagnetic structures in the sense
that they exhibit large variability in the electrical size of their
various components and subsystems.

It is the purpose of this paper to demonstrate the impact
of the aforementioned attributes of the PEEC method to
the electromagnetic modeling of interconnect and packaging
structures often encountered in computing and communica-
tion subsystems and modules. First, a brief review of the
development of the PEEC models is presented, along with
the circuit analysis-compatible formulation of the discrete
approximation of the resulting distributed network. This is
followed by the discussion of the process through which
model complexity reduction is effected. Numerical examples
are presented that help validate the method and illustrate its
application to the electromagnetic analysis of several generic
packaging structures.

II. DEVELOPMENT OFPEEC MODELS

As discussed in detail in [11], the development of the PEEC
approximation of an electromagnetic boundary value problem
is based on the proper electromagnetic interpretation of the
various terms in the equation

(1)

where and are the vector magnetic and scalar electric
potentials, respectively, and is the electric-field vector at
some point in space and time. The potentials are defined in a

conductor system by

(2)

and

(3)

where denotes the retardation time in a
medium with propagation speed. is the current density,
and is the charge density. To keep the presentation simple,
the media surrounding the conductors are assumed to be

Fig. 2. 2-D discretization of charge density.

homogeneous with permeability and permittivity . The
generalization of the model for the case of inhomogeneous
dielectrics is possible and is effected through the use of
polarization currents [12]. This way, for the case of conductors
of finite extent, homogeneous-medium Green’s functions are
used in the integral representations of the potentials, as shown
in the equations above. With these assumptions, inserting (2)
and (3) into (1), and enforcing (1) at a point inside one of the
conductors, we obtain an expression involving the unknown
quantities and as follows:

(4)

where is the conductivity at the specific point inside the
conductor. In order to solve the system of equations in
(4), the current and charge densities are discretized into
volume and surface cells, respectively. The volume cells give
a 3-D representation of the current flow through a finite
cross section, while the surface cells effect a two-dimensional
(2-D) representation of the charge over the surface of the
corresponding volume cell. This discretization is achieved
mathematically by defining the rectangular pulse functions

inside the th volume cell
elsewhere

(5)

for the current density where indicates the
component of the current in theth volume cell of the th
conductor and

on the th surface cell
elsewhere

(6)

for the charge density on the th surface cell of the th
conductor. Fig. 1 shows in top view the manner in which
a conductor is segmented into volume cells. The level of
discretization, i.e., the dimensionality of the current flow, is
determined by the shape of the conductor, the shape of the
surrounding conductors, and the frequency range of interest.
In most applications it is acceptable to use one-dimensional
(1-D) or 2-D current distrubution. However, if the impact of
skin-effect on the response is desired, a full 3-D distrubution
is required. For simplicity, all of the examples in this paper
use 1-D and 2-D currents. Fig. 2 shows the discretization
of the charge density on one of the surface cells. For this
case, if the conductor is not infinitesimally thin, the conductor
must also be discretized on the remaining five surfaces. In
addition, if 3-D current flow is not taken into account for
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this truly 3-D conductor, then the unknown charges which are
associated with at the nodes shown by the dots in Fig. 2, must
be connected between the top- and bottom-surface cells of a
volume cell. This is an acceptable approximation when the
current distribution along the thickness of the conductor can
be assumed uniform.

Given the definition of the pulse functions in (5) and (6),
the current and charge densities are approximated over each
of the conductors by

(7)

and

(8)

where
is the position vector of the of the th volume cell and

is the position vector of the center of the equipotential
surface associated with theth surface cell. Additionally,
denotes the number of volume cells for conductorwith -
directed current and denotes the number of surface cells
for conductor .

Substituting (7) into (4), we get for a point inside theth
cell of the th conductor

(9)

This step is followed by the testing of the resulting equation
in the Galerkin approximation sense (i.e., the aforementioned
pulse functions used for the expansion of the current and
charge densities are also used for testing) utilizing an inner
product over the volume of a cell defined as follows:

(10)

where is the volume of cell , is the cross section
of the cell, is its length, and is the integrand. This
process leads to a system of equations of the form

(11)

where we make the identification that and
convert the volume integration to a surface integration for the
third term since the charge only resides on the surface of the
volume. Next, the approximation

(12)

Fig. 3. Two-cell PEEC model with series resistances.

is used with (8) to further reduce (11) to

(13)

This is the desired form of the discrete approximation of the
electric-field integral equation, from which the various types
of the equivalent circuits can be inferred. The development
of the overall PEEC circuit is effected by combining the
equations in (13) for the voltage drop along each appropriate
direction in a conductor cell with the discrete version of
the conservation of charge equation. More specifically, the
discrete implementation of the conservation of charge equation
is effected through the enforcement of Kirchoff’s current law
in the resulting PEEC circuit.

Fig. 3 depicts the PEEC circuit for two adjacent conducting
cells of zero thickness. The self resistances are easily
associated with the first term in (13), while the partial in-
ductances and coefficients of potential are obtained
from the calculation of the integrals in the second and third
terms in (13), respectively. It is important to recognize that
retardation is taken into account in the coupling between the
lumped inductors and capacitors, a fact that is evident from
the presence of the retarded times in the time-dependence
of the currents through the inductors and the charges at
the capacitors. Thus, despite the deceiving equivalent circuit
representation of the discrete form of the boundary-value
problem, the full-wave electromagnetic nature of the problem
is preserved. From Fig. 3, the compatibility of the PEEC model
with standard lumped-circuit simulation practices becomes
apparent. In particular, the use of the modified nodal analysis
(MNA) matrix formulation for the state representation of
the PEEC model makes it directly compatible with SPICE-
like circuit simulators, where the unknowns used are nodal
voltages, which for the electromagnetic case corresponds to
the potentials with respect to infinity, and the inductance
branch currents. The source terms are in the form of current
and voltage sources that include both point excitation and
distributed excitation (e.g., incident electromagnetic fields).
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For the PEEC model shown in Fig. 3, the corresponding
MNA equations are shown in (14) at the bottom of the page,
where

(15)

(16)

(17)

(18)

(19)

, the argument is the center-to-center delay
from node to node , indicating a delayed interaction between
the two nodes, and the argument is the center-to-center
delay from cell to cell . The value of at each of the
current-controlled current sources is given by

(20)

and the value of the branch voltage across each inductor is

(21)

III. H IERARCHICAL ELECTROMAGNETIC

MODELING OF INTERCONNECTNETWORKS

As already mentioned, the two key attributes of the PEEC
formulation are its ability to modelheterogeneoussystems
(i.e., systems involving lumped-circuit elements as well as
distributed electromagnetic components) and its suitability for
hierarchical electromagnetic modeling. This second attribute
is closely related to model complexity (or model order) reduc-
tion, and it is of critical importance to the efficiency with which
electromagnetic analysis of interconnect and packaging struc-
tures associated with high-speed digital and high-frequency
analog electronics can be effected.

A review of the applications of PEEC to electromagnetic
simulation reveals that the most popular model-complexity
reduction has been the elimination of the delays in PEEC
models. Clearly, this approximation is acceptable when the
size of the structures under investigation is small compared
to the minimum wavelength of interest. As an example, we
mention the application of PEEC for the electrical modeling
of single-chip package interconnects in terms of a network

of resistors, partial inductances, and potential coefficients.
Furthermore, if only the inductive behavior of the package is
of interest, the PEEC model reduces to the so-called
PEEC model, which is essentially a discrete approximation of
the magnetic diffusion equation, and has been used extensively
for package inductance modeling [13], [14].

The implementation of the PEEC formulation in a SPICE-
compatible simulator provides for a more versatile application
of the aforementioned quasi-static reduced PEEC models.
More specifically, different levels of interconnect and different
parts in the package and board of a system can be modeled
for the purpose of signal integrity prediction by implementat-
ing different types of electrical models as appropriate. For
example, an PEEC model can still be used to
model the interconnects and associated ground and power
planes within a single-chip package, with SPICE models for
the driver electronics and SPICE-compatible transmission-
line models for the coupled interconnects on the integrating
substrate card or board. This way, very complex intercon-
nect/packaging structures can be modeled efficiently using a
single modeling/simulation environment.

In the aforementioned example, it is assumed that the
emphasis of the simulation is on the prediction of signal
degradation due to crosstalk, interconnect delay, reflection,
and simultaneous switching noise. If, in addition, the predic-
tion of electromagnetic radiation from the interconnect and
package structure is of interest, the aforementioned model
becomes inadequate, and retardation effects need be taken
into account. Furthermore, if it is possible to identify the
dominant sources of radiation, the delays can be incorporated
selectively and in a limited fashion where appropriate. For
example, selected interconnects on printed circuit boards,
which exhibit imbalances due to discontinuities or layout
constraints, can be modeled using a rigorous electromagnetic
PEEC model, while the remaining well-balanced interconnects
can be modeled using SPICE-compatible transmission-line
models.

Finally, it is mentioned that this hierarchical capability of
the proposed simulator is very suitable for efficient electromag-
netic analysis of mixed-signal electronics, where interactions
between the interconnect and power/ground distribution net-
works for the high-speed digital and the analog/RF blocks
need to be taken into account for proper electrical design. As
an example, we mention the case where noise generated in the
digital block of a portable computing device is radiated out
and eventually received by an antenna used for providing a
wireless data link for the device. A generic example of such
an interaction is presented Section IV.

(14)
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Fig. 4. Interconnect above a solid ground plane.

IV. NUMERICAL RESULTS

For a hierarchical electromagnetic analysis of interconnect
and packaging structures in the sense described in Section
III, a special-purpose PEEC simulator has been developed
which is capable of handling linear elements. This simulator
includes parameter extraction modules for the calculation of
equivalent partial inductances and potential coefficients of the
geometry under study as well as a new version of a circuit
simulator, which mimics SPICE [15], with all the necessary
enhancements to accommodate electromagnetic retardation.
The following numerical examples illustrate some of the
capabilities of the simulator.

In order to effect an accurate and efficient solution for a
system constructed from the PEEC formulation, it is necessary
to discretize the conductors in such a way as to limit the
number of unknowns without compromising the accuracy of
the solution. As a first step, conductors representing pin’s, vias,
and traces are usually discretized along their length with 20 el-
ements per wavelength corresponding to the highest frequency
of interest. Ground and power planes are discretized in a sim-
ilar fashion, except that 2-D current flow is accounted for. In
all cases, for simplicity, effects from skin-effect are neglected.
Once the geometry is discretized, then the corresponding
partial inductances and potential coefficients are calculated
according to the PEEC formulation, thus resulting in an
equivalent circuit model consistent with Maxwell’s equations.

After the equivalent-circuit elements are computed, the sys-
tem is solved in the time or frequency domain using modified
nodal analysis. For the time-domain solution where retardation
is present, late time instability is still a concern and ultimately
dictates the minimum time-step allowed. Recent progress in
this area has led to better understanding of the sources of
instability, as well as new methodologies for its suppression.
The effectiveness of these new approaches is currently under
further investigation. For the simulator used to obtain results
for this paper, the procedure for the selection of the optimum
time-step was anad-hocone and was based on convergence
studies for the specific problem at hand. The issue of conver-
gence is related to the fact that the numerical integration used
for this study—Backward–Euler—is dissipative, a property
which enhances numerical stability but may result in unaccept-
able artificial damping of the solution. Thus, it is important
to choose the time-step carefully so that enhanced stability
is achieved without unacceptable numerical damping. Since
numerical damping is controlled by using small time-steps,
the ad-hocprocedure for the selection of the time-step is as

Fig. 5. Input impedance for active line above a solid ground plane.

follows. The initial value for the time-step is taken to be in the
order of 10% of the rise time of the excitation pulse. Then it is
decreased until convergence is reached or the solution becomes
unstable. The following numerical examples illustrate some of
the capabilities of this approach for obtaining PEEC solutions.

The first example for the geometry shown in Fig. 4 consists
of an interconnect above a finite ground plane and is used for
code validation purposes. The line is driven by a voltage source
and terminated by 86-resistors at each end. The ground plane
is 2.0 cm long by 1.0 cm wide and divided into 20 cells along
the length and six cells along the width. The line, placed 0.5
mm above the ground plane, is 2.0 cm long with a width
of 1 mm. It is divided into 20 cells along the length. For
this example, 2-D current flow is only accounted for on the
ground plane.

Since the layout of the conductors in this example models
quite closely the effects of a simple two-conductor transmis-
sion line, the current distribution along the line and the return
ground path are expected to exhibit the differential mode
character of transmission-line currents. As a result, the solution
from a full-wave electromagnetic analysis should be almost
identical with the one predicted using a method of character-
istics model with the appropriate transmission-line impedance
and delay. The PEEC model without retardation is somewhat
like the method of characteristics model, except that the longi-
tudinal couplings are also included. Fig. 5 depicts the variation
of the input impedance of the line versus frequency calculated
using the PEEC formulation with and without delays.

Alternatively, if the arrangement of conductors results in
a response which cannot be accurately described by the
method of characteristics models due to the presence of
discontinuities and other interconnect features that give rise to
electromagnetic radiation, then it is imperative to include the
retardation in the simulation. The geometry shown in Fig. 6
depicts an interconnect crossing a gap between two conducting
plates. These types of structures occur frequently in packages
for mixed-signal electronics where separate ground planes are
used for the digital and analog blocks. The presence of the
slot in the ground plane results in slot-line modes which
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Fig. 6. Interconnect above a split ground plane.

Fig. 7. Input impedance for active line above a split ground plane.

eventually lead to energy loss through radiation. To illustrate
this phenomenon, the structure of Fig. 6 was simulated. The
dimensions and discretization for this geometry are the same
as the previous example, except that the ground plane is now
split into two equal halves with 1-mm separation. Fig. 7 shows
the input impedance of the line for this case. It is clear that
the calculated impedances with and without retardation are
very different for the higher frequencies where the resonant
properties of the structure and radiation effects dominate the
response. This is due to the fact that the energy which is
radiated from the slot can only be accounted for accurately
when retardation effects are included.

The second example deals with the modeling of electro-
magnetic radiation caused by the presence of parasitic high-
frequency current flowing in the attached cables of printed
circuit boards [16]. This source of noise is modeled with
a generic structure as shown in Fig. 8. The high-frequency
digital noise flowing through the cable is modeled by a current
source which generates a periodic sequence of trapezoidal
shaped pulses. The rise, roof, and fall times are 0.1 ns and
the period of the signal is 0.6 ns. The current amplitude is
10 mA. The length of the cable is 15 cm. It is modeled as
an infinitesimally thin strip of width 1.0 mm. The cable runs
parallel to a finite ground plate of width 0.8 cm and length of
3.0 cm. It is positioned 0.5 mm above the plate. The receiving
element for the radiation caused by the protruding cable is a
wire monopole connected at the other end of the ground plate
with a terminating resistance of 35. The antenna length is

Fig. 8. Geometry for the second example.

Fig. 9. Voltage across the load resistor of the antenna in Fig. 8 calculated
without the shorting pin.

8.0 cm and it is modeled as an infinitesimally thin strip of
width 1.0 mm. Three possible arrangements of the antenna
will be compared, as shown in Fig. 8. The PEEC model
for this structure is developed assuming 1-D current for the
wires and 2-D current for the ground plate. Fig. 9 shows the
voltage across the load resistor for the three arrangements of
the receiving antenna in the absence of the shorting pin. As
expected, the coupled noise voltage exhibits a time-harmonic
variation of frequency consistent with the effective length of
the structure formed by the antenna and the ground plate.
In particular, the frequency of the time-harmonic variation
of the voltage for the -directed antenna is approximately
1.67 GHz which corresponds to a wavelength of 18.0 cm. The
combined length of the antenna with the ground plate is 8.0 cm
which is approximately half-wavelength at the aforementioned
frequency. The visualization of the current flow along the wires
and the magnitude of the current density at GHz is
shown in Fig. 10.

Fig. 11 shows the voltage across the load resistor of the
receiving antenna when a pin is used to short the cable to
the ground plate, as shown in Fig. 8. Since the presence
of the pin allows for a very low impedance path for the
noise current back to its source, the radiated emissions
are minimized. In practice, this noise suppression is often
effected using ferrite beads.

The last example deals with an interconnect configuration
that is often encountered in single-chip packages without a
ground plane. In such packages, ground is brought to the
die through conducting traces in the package. These ground
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Fig. 10. Current distribution on the conductors of the structure in Fig. 8 at
f = 1:67 GHz.

Fig. 11. Voltage across the load resistor of the antenna in Fig. 8 calculated
with the shorting pin.

traces are then connected to a ground ring or some other
ground pad at the periphery of the package. These types of
connections result in unbalanced interconnects which, as is
well known, give rise to radiation. Even though this radiation
is part of the overall electromagnetic behavior of the resulting
interconnect structure, it is customary to quantify the amount
of this radiation in terms of the so-called common-mode
component in the current flowing through the interconnect
[17]. Figs. 12 and 13 depict two cases of such interconnects.
In Case 1, the ground trace is connected to the ground pad
at a distance of 2.5 cm from the signal trace, while in Case
2 the ground pin is placed right next to the signal trace. In
both cases, the traces are 1 mm wide with a 1-mm separation
between them. Their distance from the ground pad is 0.5 mm.
The length of the signal trace is 2.0 cm in both cases. The
length of the ground trace for Case 2 is 1.5 cm, while for
Case 1 an extra length of 2.5 cm is contributed by the portion
that runs parallel to the edge of the ground pad until it reaches
the ground pin. The characteristic impedance of the differential
line formed by the signal and ground trace is 228and is used
as the input source impedance. The signal trace is terminated
with a 2-pF capacitor for both cases.

Fig. 12. Geometry of unbalanced package interconnect (Case 1).

Fig. 13. Geometry of unbalanced package interconnect (Case 2).

Fig. 14. Common-mode currents.

Fig. 14 compares the common-mode currents at the input
of the interconnect for the two cases of ground pin placement.
Clearly, Case 2 results in a morebalancedconfiguration, and
thus the common-mode component of the current is smaller for
this case. For the moreunbalancedcase, the magnitude of the
common-mode current starts increasing fast for frequencies
higher than 1 GHz.

It is often the case that the ground-path inductance is sought
for purposes of simultaneous switching noise studies. This
quantity can be calculated easily from the results generated
by the PEEC. To demonstrate this, consider the geometry
of Fig. 13. For the frequency range over which the current
through the source and the current through the capacitor
are almost equal, the impedance of the return path can be
calculated as the ratio of the difference between the voltages
at nodes and and the current through the source. For
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Fig. 15. Imaginary part of effective ground–path impedance.

those frequencies, radiation should be negligible, and the
impedance should exhibit an almost inductive behavior. This
is confirmed by the curves in Fig. 15 for the imaginary part
of the impedance of the ground path for Cases 1 and 2. The
slopes of the curves (at the lower frequencies) are the effective
inductances for the ground paths. As expected, Case 1 exhibits
a higher value of effective ground inductance. Furthermore,
it departs faster from the linear behavior due to the greater
imbalance in the system.

V. CONCLUSION

In conclusion, a hybrid electromagnetic modeling and simu-
lation environment has been proposed for the analysis of noise
generation and signal-degradation mechanisms in packaged
electronic components and systems. Based upon the PEEC
formulation, solutions are developed in such a way as to
create a hierarchical and robust electromagnetic simulation
environment. Of particular importance to this formulation is
the ability to effect full-wave electromagnetic solutions in a
manner which is compatible with nonlinear circuit simulators
such as SPICE. In addition, when the characteristic time of
the excitation is such that useful wavelength is much larger
than the spatial extent of the system, all retardation effects
can be neglected. This type of selective reduction in model
complexity of the system is expected to have a positive impact
on the computational efficiency of PEEC-based simulators for
nonlinear analysis of future high-speed packaged electronics..
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